We may assume by the induction argument that B f? h-r(G) = Irr(G / 0) for some BE Irr (O,,(G) ) and that the defect groups are Sylow-subgroups of G.
The hypotheses imply that pk,y ( 1) Theorem D follows from Theorem C in the same manner than Theorem B follows from Theorem A. Before proving Theorem C. we need Lemma I. 1. which is proved by Isaacs [ 11, Lemma 1.6 1 under the additional hypothesis that I,(B) = {x E Q / 0" = 0) equals Q. The noninvariant case follows from Isaacs' result and an easy induction argument using Clifford's theorem 113, 6 .111. 1.1. LEMMA. Assume N g Q, that Q/N is a p-group, and that e is a nonnegative integer. Zf6 E Irr(N) and p'+ ',j'(J(l)/8(l))for all x E Irr(Q 18). then d. l.(Q/N) < e + 1.
Proof of Theorem C. We argue by induction on /G : NI. We may assume that OD,(G/N) = 1 and OP'(G/N) = G/N. Let and g>l, we have that d.l.(P/N)<2(e-g)+ 1+2=2e+l+2 (1-g) <2e+l .
u Theorem C extends one of the main results (Corollary 3.6) of Isaacs [ 1 1). In fact. Isaacs obtains the same bound when 19 is a "p-character" (i.e., 8( 1) is a power of p and the order of the linear character det(0) is a p-power). In particular, setting N = 1, Isaacs showed that derived length of a Sylow-psubgroup of a solvable group G is bounded as a function of the "p-parts" of the degrees of the irreducible characters of G.
The remainder of this paper is aimed at proving Theorem A. If p > 5. this theorem follows from Theorem 2.5 of Part 1 I15 ]. The proofs for p = 3 and p = 2 are in Sections 4 and 5. Sections 2 and 3 deal with a certain module action that arises in a minimal counterexample to Theorem A. Suppose that lM : M'( = p, that p)lM'I, and M is solvable. Assume that V is a faithful, irreducible ii(M)-module for a finite field F and that pji c ,,,(v)i for all z' E V. This limits the structure of M. In Section 2, we show that M' is cyclic or MZ SL (2, 3) if V is primitive. In Section 3, we look at the structure of M when V is imprimitive. Our results in Section 3 lean heavily on Huppert's classification of doubly transitive solvable groups.
PRIMITIVE MODULES
The main purpose of this section is to characterize certain primitive module actions (Theorem 2.3 JNI. If,,(N) = 0, then dim(V) = 1 HJ dim(@,.(H)).
Let E be elementary abelian of order 8. We may choose U < AU(E) such that U is nonabelian of order 21, and we let .I be the semidirect product ED: By applying Sylow's theorem to Am(E) we may conclude that J is unique up to isomorphism.
DEFINITION.
Throughout this paper, we let J be the group defined above. 2.3 . THEOREM. Let G be a solvable group that acts faithfully and irreducibly on a vector space V over a finite field .iT. Assume that K 4 G, I G : Kl = P, P~IKI, and W"(G) = G. Suppose that p 1 Il',(x)l, for all .Y E V. If V,, is homogeneous for all N & G, then (i) K is cyclic; or (ii) K g Q8, / VI = 9, and p = 3.
Proof: We will carry out the proof in a series of steps. We let P E Syl,(G). The hypotheses imply that K = G' is the unique maximal normal subgroup of G.
Step 1. V, is irreducible. Let V,, be an irreducible K-submodule of V and let 0 # x E V,,. The hypotheses imply that P, < CJx) for some P, E Syl,(G). Since K e G. we have that N,( V,,) > KP, = G and V, = V.
Step 2. There is a unique maximal normal abelian subgroup .Z of G. Furthermore, Z is cyclic and Z = J(K).
The hypotheses imply that K # 1 and that any normal abelian A <: G is in fact contained in K. Since V is a faithful homogeneous A-module, we have that A is cyclic (see Theorem 3.2.3 of [7] ). Since Am(A) is abelian and K = G', it follows that A < Z(K). This completes Step 2.
Step 3. We may assume that K > Z. Otherwise the conclusion of the theorem is satisfied.
Since v, is homogeneous for all Ng G, every normal abelian subgroup of G is cyclic (see Theorem 3.2.3 of [ 71) . It is well known that this condition strictly limits the structure of G. The key step in [ 1.5, Part I, Theorem 3.3 1 was Step 3 proving that V,T is homogeneous for all N 4 G. Steps 4, .5 , and 6 may be proved by repeating and 14 of [ 15, Part 1, Theorem 3.3 I. (Alternatively, they follow immediately from Step 2 above and Lemma 2.3, Corollary 2.4, and Lemma 2.5 of [ 161.) Step 4. Let E/Z be a chief factor of G, let B = L,(E), and C = 'II(;(E/Z). Then (i) E<K:
(ii) E/Z is elementary abelian of order q'" for a prime q and integer n; (iii) 4llZl; (iv) BE = C < K and B n E = Z; (v) K/C is isomorphic to a subgroup of Sp(Zn, q);
(vi) C = K if and only if / E/Z1 = 4.
Step 5. There exist E = E, ,.... E,,, < G such that:
(i) EJZ is a chief factor of G for each i;
(ii) 1: (, .(/U/Z) = M/Z, where M = E, ... E,,,; and
Step 6. Let W be an irreducible Z-submodule of V. Then (i) lZll(lW(-1);and (ii) ( V/ = / WI"' f or some positive integers t and e with e' = M : Z ~.
Step 7. (i) p < 3;
(ii) ISyl,(G)l INi dP)l 3 I VI; (iii) log(/ Sy$,(G)/) > ((4 -1 )Pq) bd vi); and
We may assume that p < 3, since otherwise Theorem 3.3 of Part I 1 15 ) yields the desired result. Since 1: Jx) contains a Sylow-p-subgroup of G whenever x E V, part (ii) follows from the conjugacy part of Sylow's theorem. Lemma 1.7 of Part 1 [ 15 ) applied to the action of EP on V yields that I;1 JP)( < / VI.', where j = (q + 1)/2q, and that /c ,.(P)i < 1 VI' ' if p # 2. Parts (iii) and (iv) then follow from part (ii).
Step 8. Assume that 1 E/Z1 # 4. Then 
If
Ii (G/C) is cyclic, then l:(G/C) = K/C and dim (r ,. ,(P)) = 2n/p.
Since E/Z is a chief factor of G, E/Z is an irreducible G/C-module. Let I# SE Syl,(F(G/C)) f or a prime s. Then S 4 G and c:,;,(S) = 1. Part (i) follows from counting orbits and part (iv) may be obtained by applying Lemma 2.1 to the action of SP on E/Z. For any solvable group X # 1, 'r(X) # 1, and F(X) contains its own centralizer. If II(G/C) 4 K/C, then It(G/C) = G/C as lDp'(G) = G. This implies that PC/C < Z(G/C) and C = K, contradicting Step 4. Parts (ii) and (iii) follow.
For
Since OP'(G) = G and K/C is cyclic, C.,,.(P) = 1. Part (v) now follows from parts (ii) and (iv).
Step 9. If q = 2 and 2 < n < 8, then (i) n = 6 and IK/CI < 2jh; or (ii) n = 8 and 7 j IK/Cl.
Assume that q = 2 and 2 < n < 8. Then p = 3 by Step 7. By Step 4, K/C is isomorphic to a subgroup of Sp(2n, 2) . Suppose that n = 7. Since ISp(14,2)1= 3' * 5" . 7* ' 11 . 13. 17. 31 . 43. 127. 2", Step 8(i) Step 8(iii), we must have that k(G/C) has a Sylowsubgroup S of order 25 such that S',y(P) = 1, whence Step 8(iv) yields a contradiction. Thus n is 3, 6, or 8. Assume that n = 3. Since /Sp(6. 2)l = 3" 5 . 7 . 2', Step 8 yields that IF(G/C)I = lK/Cl = 7 and G/C is nonabelian of order 21. The Frobenius group of order 21 is embedded in GL (3, 2) as the normalizer of a Sylow-7-subgroup, so that the natural and contragredient representations of GL (3, 2) give distinct irreducible representations of G/C over GF (2) . and these are the only faithful irreducible representation of G/C over GF (2) . Thus E/Z is not an irreducible G/Cmodule and not a chief factor of G. Hence n = 6 or 8.
Assume that n=6. Since /S~(12,2)/=3~. 5~.7'. 11. 13. 17.31 .2 '", we must have /I' (G/C) 1 15' . 7* . 13 
Step 8, since IK/Cl / ISp(12, 2)/, and since Aut(lk(G/C)) is the direct product of the automorphism groups of the Sylow-subgroups of F(G/C); it follows that IK/Cl 15 '. 7*. 13. 214 -31 and IK/Cl< 2jh. We may assume that n = 8.
Since /Sp (16, 2)1= 3". 54. 72. 11 . 13. 17*. 31 43. 127. 257. Zh4 , lk(G/C)II 54 . 17* . 127. Then 7,jIAut(T)l if T is a Sylow-subgroup of 1;~ (G/C). Since Ic(G/C) is nilpotent and C,,,.(iF(G/C)) ,< 'F (G/C), we have that 7,jlG/C/. This completes Step 9.
Step 10. If n = 1, then q # 3. Otherwise, p = 2 by Step 7. Since p,jlKI and Sp(2, 3) is a (2, Step 8 ((i) and (ii)) yield a contradiction.
Step 11. If p = 3, we may assume that (i) G involves J, and
If 7,/IK/Ml, it follows via Step 5 that G does not involve J. And if G does not involve J, then Theorem 3.3 of Part I [ 15 ] yields that K z Q, and 1 VI = 9, as desired.
Step 12. (i) p = 2,
(ii) rn = 1, and (iii) q" is 5, 7, 11, 32, 5', 33 or 3J.
By parts (iii) and (iv) of Step 7, we have that ISyl,,(G)I > 1 VI", where s = i whenp=3 ands=(q-1)/2q2$whenp=2. Without loss of generality, we may choose an integer k such that 0 < k < m and IE,/ZI = 4 if and only if i < k. For each i, / Ei/Z / = qt"l for a prime qi and integer ni. Let C, = K and define C; the centralizer in Ci ~, of Ej/Z (for 1 < i < m). By Step 4(v, vi), we have that Ci = K for i < k and that Cim ,/Ci is isomorphic to a subgroup of Sp(Zn,, qi). By
Step 5, C,, = M. Since I Sp(2n. q)l < q'"'+" and 1 Syl,(G)l < I K (, it follows that log(/ W,(G)I) < log(/ Z I) + 2k b(2) + \' i '-i;, (2nf + 3ni)10g(qO'
By
Step 6, I VI = I WI'F, where e* = /M : ZI. Thus the first paragraph of this step yields that log(lZI) + 2k lag(2) + j~~+,(2~j+3~i)10g(qi)~st
By Steps 4(iii) and 6(i), qi < IZI < 1 WI for all i. Hence
We will first assume that p = 2 and proceed to show that conclusions (ii) and (iii) of this step hold when p = 2. Since p)il K1, we have that k = 0 and that each qi is odd. Since s > 3, inequality II yields that We may now assume that p = 3, 3,/i Kl, s = l/2. and
If I= rYk+, nj, then 1 + 2k + 21* + 31> 2'kt'-" by inequality II and thus 1 + 2(k + I)' + 3(k + I) > 2'k+'P'). This implies that k + I< 8. Assume that 9 k+,=2. If n,=8, then m=l, C=E=M, and Step9 implies that 7) (K/M/, contradicting Step 11. Thus n, # 8. Then
Step 9 applied to E,/Z for i > k yields that nk+, = 6 and qi > 5 for all i > k + 1. Then inequality II yields that 81 + 2k + 2(1-6)* + 3(1-6) > 25'k . 5'Ph. Since If k < 8 and I> 6, we must have that I= 6 and k = 0, 1. Steps 4, 5, and 9 yield that M = C,(Ek e ,/Z) and that jK:/MI ,< 2j". Then (Syl,(G)I < 2""' IZ/ < 2J8' " 1 WI. Since log(l VI) = 64 . 2' . t log(W), inequality III yields that (48 + 2k) log(2) > (32 . 2' -1) lo& WI). I n either case (k = 0 or k = l), this inequality implies that 1 IV < 3, a contradiction as IZJ < 1 WI. Hence qk+,#2, and thusq,>5 for alli>k. Now inequality II yields that 1 + 2k + 21' + 31> 2k '5'. As k + I< 8, the only solutions occur when I< 2. Since Ci = K for all i < k and since 71;1 Sp(j, 5)1 for j = 2 or 4, it follows from Steps 4 and 5 that 7$1 K/Ml if each qi < 5. By Step 11, we may assume that I= rYh+, n, > 1 and that 9 kil a 7. But then inequality II implies that 1 + 2k + 212 + 31> 2kP ' . 7 . 5'-' . This inequality has no solutions when I= 2. Thus I= 1 and inequality II yields that 6 + 2k > 2'-' . qk+ , and thus qk+ , = 7 or 11, as k < 8. By Steps 4 and 5, E,/Z < iT(K/Z) for i < k and K/M is isomorphic to a subgroup of Sp (2, qh+ ,) . But Sp(2, qk+ ,) does not involve the Frobenius group of order 56. Thus G does not involve J, contradicting Step I: 1. This completes Step 12.
Step 13. Conclusion. We have that m = 1, M=E,=E=C, IE/Zl = P, and K/E is isomorphic to a subgroup of Sp(2n, q). We also have that p = 2, 2,/IKl, and log(l VI) = tq" log(l WI). By Steps 6 and 7, we have that
Suppose that q" = 52. Since I Sp(4,5)1= 2' . 3' . 13 . 5' and since p = 2, we have by Step 8 that 1 ti(G/E)I 1 32 . 13 and SC, ,J (G/E)) < IF(G/E). Then IK/E : I(G/E)II IAut F(G/E)I. S' mce I K/El is odd and divides 1 Sp(4. 5)/, we have that IK/E( 3'. 13. Then ? lSyl,(G)I<lKl<3'. 13.5'.iZlc 3' . 13 . 5" / WI and inequality IV implies that 3' . 13 . 5J > 1 WI" and I W( < 11. This is a contradiction, as q 1 (1 WI -1) by Steps 4 and 6. Thus q" # 52. Similar arguments show that q" is not 3' or 1 1. Suppose that q" = 5. Since Sp(2, 5) = 2' f 3 . 5 and 2j Kl.
Step 8 yields that It(G/E) = K/E is cyclic of order 3 and that I(, [(P) = 5. Then 1 Sy12(G)I = /K : 1: K(P)I < 3 . 5 . 1 Z < 15 . 1 I&' and inequality IV yields that 1 WI< 15. Since 5 ((Z/ and /ZI (illP 1). we have that /WI= 11 and IZI = 5.
But then 1 Sy12(G)I = 1 K : 8': *(P)l < 3 . 5'. contradicting inequality IV. Thus q" # 5. Similarly. we may argue that 4" is not 7 or 3'. Thus q" = 3' by Step 12. Since Sp(4, 3)/ = 2' . 5 . 3 ', it follows from Step 8 that 1 F(G/E)l = I K/El = 5 and (9'&P)I = 32. Then I Syl,(G)I = j K : C,(P)1 < 5 . 3' . IZI < 5 . 3' . 1 WI and inequality IV implies that 45 > i WI?'. Thus t = 1, 1 WI = 4. and 1 ZI = 3. If P < 'i: ,,(Z), then 1 Syl,(G)/ ,< 5 3'. contradicting inequality IV. Thus P $ #I: (,(Z) and Lemma 2.1 applied to ZP implies that ifr?,.(P)l =; VI"?
Step 7 now implies that Sy12(G)I > 1 V(' ' = 4' '. a contradiction as 1 Syl,(G)i = /K : #I K(P)I < 5 . 3". The proof is complete. 1
IMPRIMITIVE MODULES
In Theorem 1 of (6 1, Gluck determines all solvable primitive permutation groups (G, Q) in which every A G R has a nontrivial stabilizer in G. In all cases, /R ( < 9. Lemma 3.1 is a consequence of this result. We let D,, denote the dihedral group of order 2n. 
LEMMA.
Assume that G is a solvable group that acts faithfuhl) and irreducibly on a vector space V over a field F. Suppose that C ,< G is maximal with respect to C b G and V,. is not homogeneous. Let V, ,.,,., V, be the homogeneous components of Vc. Then (a) G/C permutes the Vi faithfullJl and primitiveol. Assume further that p 11 G/C), that p',/l G/Cl, and pi;1 G : t,(x)1 for all x E V. Then (b) n is 3, 5, or 8 and (resp.) p is 2, 2, or 3: (c) G/C is isomorphic (resp.) to D,, D,,, or J; (d) C,K,(V,) acts transitively on the nonidentity elements of V, for each i.
Proof: Let M/C be a chief factor of G. Since V,\, is homogeneous, it follows from Clifford's theorem that M/C transitively permutes the Vi. Since M/C is an abelian chief factor of G, we have that M/C acts regularly on the Vi and IM/CI = n. Let We next show that C acts transitively on the nonidentity elements of I', . Let X, and x2 be distinct nonzero elements of I', . let 0 # y E V, and 0 # z E I',. Assume that p = 3 and choose, for eachj, Pj E Syl,(G) such that Pj < C1,(xi + 4' + z). Since each Sylow-3-subgroup of G/C fixes exactly two of the Vi, we may choose ti E G such tha; CP,i = C(t,,,) for each j and such that x,j! =y, yfj=z, and z'f=xi. Then x:1" =x2. Since each of the 28 Sylow-3-subgroups of G/C stabilizes exactly two A G ( I', ,..., Vx} with IA / = 3. counting yields that { I', , I'?, V,) is fixed by exactly one Sylow-3-subgroup of G/C. It follows that CP, = CP, and that t, t;' E C. Thus C is transitive on v;' if p = 3. A similar argument works for p = 2 (choose Pi E Sy12(G) that centralize x,~ + y). This completes the proof. 1 We next mention a number theoretic result of Birkhoff and Vandiver (see Herstein [9, p. 3621 ). 3.3 . LEMMA. Let q be a prime and n a positive integer. There exists a prime p such that p / (9" -1) but p does not divide q"' -1 for all 0 < m < n, unless q" = 26 or n = 2 and q is a Mersenne prime.
Conclusion (d) in Lemma 3.2 puts some restrictions on the structures of C and G. Huppert ] lo] has classified the solvable groups H that act faithfully on a vector space V of order qn and transitively permute the nonidentity elements. Unless q" is one of six values, Huppert has shown that V may be identified with the additive group of GF(q") in such a way that H is a subgroup of T(q"), the group of semilinear transformations (x+ axU 1 a E GF(q"), u a field automorphism of GF(q")} of V. In particular, H is metacyclic. 3.4. LEMMA. Assume that H is a solvable group acting on a vector space V with 1 VI = q" and q = 2. 3. Assume that H acts transitively on V# and that q" # 32, 35. Further assume that (HI is odd if / VI = 2'. Then (i) H/l&(H) and IF(H) are cyclic, the order of H/IF(H) divides n; and (ii) there exists a prime p > n and Sylow-p-subgroup P of H such that P < F(H) = [[:u(P).
Proof: Since H is a solvable group acting transitively on V# and since qn # 32, 34, 52, 72, 112, or 232, it follows from 110, Main Proposition], as the semidirect product HI' is a doubly transitive group, that V may be identified with the additive group of GF(q") in such a way that H< T(q"). We let S be the subgroup (x+ ax 1 a E GF(q")} of T(q"), so that S is a cyclic normal subgroup of T(q") with cyclic factor group of order n and / .!I= (q" -1). We choose p as in Lemma 3.3 if qn # 2' and let p = 7 if q" = 26. Since qp-' c 1 (mod p), p > n. Thus T(q") has a cyclic normal Sylow-psubgroup P. Then P < S <D, where D is the centralizer of P in T(q"). If pt(q"' -1) for all 0 < m < n, then P is not centralized by any field automorphism of GF(q") and then D = S. If q" = 64, then 1 T(q")/SI = 6, p=7,andpj(2*-l).Inth' is case, P is not centralized by an automorphism of GF (26) We let F = Hf? S, so that F and H/F are cyclic. Since H acts transitively on P, since 1 S / = q" -1, and since p,';n, we have that P < H n S = F. Then C,(P)=DnH=SnH=F, as either D=S or lHI is odd. But P E Syl,(F(H)) and IF(H) < CIl(P) <F < IF(H). Thus F = E(H), completing the proof. 1 4 . THE PRIME 3
Here we prove Theorem A for the prime three. We first start with some known character theoretic results. Let N4 K, 4 E Irr(N), and 8 E Irr(K 14). If N 6 G and Q E Irr(N) extends to 2: E Irr(G), then 0 -+ ,& is a bijection from Irr(G/ N) onto Irr(G/q). A sufficient condition for 0 to extend to G is that I,;(@) = G and G/N has cyclic Sylow-subgroups. These known facts are summarized in Lemma 2.1 of part 1 j 15 1 and will often be used without reference. 4.4. THEOREM. Suppose that Z is a normal (not necessarily central) subgroup of G, that G/Z is solvable, and that A E Irr(Z). rf' 3 i; (x( 1 )//i( 1 ))for all x 6 Irr(G//I), then G/Z has an abelian Sl'low3-subgroup.
ProoJ The proof will be by induction on / G : Zl and will be done in a series of steps.
Step 1. We may assume that there exist Z < N < K $ G such that 
IfZ<HnG and ifHEIrr(Hli). then 3)(8(1)/d(l)) and 3)@(1)/@(l)) for all x E Irr(G / t9). Induction implies that G/H and H/Z have abelian
Sylow-3-subgroups. In particular, we may assume that 103~(G/Z) = 1 and rJs"(G/Z) = G/Z. We let N/Z = ~O~,(G/Z). so that Z < N g G. We must have that Irr(N/Z) consists entirely of extensions of 1. Then each irreducible character of N/Z is linear. Thus N/Z is abelian and N < G. By Lemma 1.2.3 of [8 ] , N/Z = c',/,(N/Z).
Let K be a maximal normal subgroup of G. so that / G : K 1 = 3 and K > N. Since K/Z has an abelian Sylow-3-subgroup and N/Z = C<;,,(N/Z), 34 1 K : Nl.
We need just show that N/Z is a chief factor of G. We may choose Z < L < N such that N/L is a chief factor of G and C,,vj7(K/N) 6 L/Z. Since 3 1 /K/NJ, we have that K/N does not centralize N/L. If Z < L, the induction argument yields that G/L has an abelian Sylow-3-subgroup.
Since Q'(G/L) = G/L, we then have that G/N and hence K/N centralize N/L. a contradiction. This completes Step 1.
Step 2. Let V= Irr(N/Z). Then V is an elementary abelian 3-group and a faithful irreducible G/N-module.
Since N/Z is an elementary abelian 3-group, so is V. Since N/Z is abelian and since G/N acts faithfully on N/Z. G/N acts faithfully on V (see Theorem 6.32 of [ 131) . By Exercise 2.7 of ] 131, the map A --t {A E VI A ,< ker(ll)} is a bijection from the set of subgroups of N/Z onto the set of subgroups of V. Since the map is G-invariant and N/Z is a chief factor of G. V is an irreducible G/N-module.
Step 3. WC may assume that Since ,u -+ ,u' is a bijection from Irr(/,(d) / /I) onto Irr(G ) /2), we have that Z,(A) must contain a Sylow-3-subgroup of G and that 3k(,~(l)/A( 1)) for all ,U E Irr(l,(n) / ;I). Hence we may assume that I,(A) = G. By applying a character triple isomorphism (see Chap. 1 1 of ( 13 1). we may assume that 2 is linear. Step 4. For each p E V, we have that 31;/ G : Z&)1.
The hypotheses imply that 31;lG : Z,(q)1 for all q E Irr(N! 1). Since b + /U* is a bijection from V onto Irr(N I /i) and since IJJ.*) = G". we have that I,($) = I&U*) for each /3 E V and thus that 3 ,/I G : 1,(@)i for each p E V. This proves Step 4.
Step 5. There exist C, L a G with N < C < L 6 K such that 2.3, and Lemma 3.2. there exists N < C g G such that (a) , (b) . and (c) are satisfied. We prove (d) by letting L/C be the minimal normal subgroup of G/C, and we note that L < K since K/Z = (G/Z)' is the unique maximal normal subgroup of G/Z.
Step 6. (a) To prove (b) , assume that 7k/ G : Z&)1. Since 3kl G : Z,@)l, we have that LZ,@) = G and Z&)/L f? ZG@) is nonabelian of order 21. This contradicts part (a), as 7)1L : T(.
We have an integer IZ such that ) Vi1 = 3" for each i. If n <: 6, then 7t/Aut(V,)J and 7$1C/N,/. S ince G permutes the Ni and n Ni = N, we have that N/NE Syl,(C/N). Part (b) implies that 1* is not invariant in G, a contradiction. This completes Step 6.
Step 7 Since C/N, acts transitively on 7 for each i (Step 5 (b) ) and since Vi1>3 ', it follows from Lemma 3.4 that if SJN, = E(C/N,), then we have that SJN, and C/Si are cyclic and 1 C/Sil 1 n. Since S,/N, a C/N, is cyclic and Vi is a faithful irreducible C/Ni-module, we have that S,/N, acts tixedpoint-freely on Vi. To prove (a), (b) , and (c), we need just show S .= n S,. Since n S,/N is a normal abelian subgroup of C/N, n Si < S. But SN, 4 C and SN,/N, is nilpotent. Hence S < Si for each i and S = n S;.
To prove (d), we choose p,, as in Lemma 3.4 applied to C/N, acting on V, . Then p,, > n and poti C/S( by part (c). Let P,, be the Sylow-p,-subgroup of C/N. Then N,P,/N, is the Sylow-p,-subgroup of C/N, and thus C (' \,(Po) = S,/N, by Lemma 3.4. Since P,,/Nb G/N, since n Si = S and G permutes the Si, we have that cI(-l,b(P,,) = S/N.
Step 8 
1). This proves (a).
To prove (b) , assume that 1 # R/S is a Sylow-subgroup of C/S and si .,,(R/S) > C/S. Then L/S < cc;;s (R/S) since L/C is the unique minimal normal subgroup of G/C. Since L transitively permutes the R n S, and fi Si = S, we have that S = R n Si for each i and R/S is cyclic. Then R/S < L(K/S) and. by part (a), K/S = pi: ,,!,s(R/S).
Let G, = R\J,(V,). so that IG,/C = 21. Let D = $1 J V,), so that D< G, and D f' C = N, . Consequently R n DS, = R f? (D n C) S, = R n N, S, = R f's, = S. Thus the natural projection of G,/S onto G,/DS, carries R/S isomorphically onto RDSJDS, . Since G,/D is isomorphic to a subgroup of the semilinear group T(3"), it follows that any Sylow-3-subgroup of G, centralizes R(DS,)/DS, and hence must centralize R/S. This implies that R/S < ,' (G/S). Part (a) then yields R = S, a contradiction. completing
Step 8.
Step 9 Step 10. Suppose that P/NE Syl,(C/N) for a prime p that does not divide 1 L/S(. Assume that N < W < P such that W/N is a chief factor of G. We have that each y E Irr(H 1 A*) extends A* and is fully ramified with respect to P/H. In particular, each such y is invariant in P. Since ( G,z : PI, /P : Nl) = 1, it follows from Lemma 4.3 that there exists ;I* E Irr(H 1 A*) invariant in G,, (note that G,, denotes the stabilizer in G of ( I', , V, 1, so that G,JC is cyclic of order 6). Let t E G,,/N have order 3. We may assume that t permutes both (I', , V,, V,) and { V,, V,, V,} non-trivially.
We next show that there exist linear characters p E Irr(Wl,A*) and PO E Irr( W,, IA*) such that p extends PO, that 3)0@,,), and p,, is not invariant under any Sylow-3-subgroup of G,,/N (note W,2 2 G,,). Since W/W, is cyclic for each i and 1 WINI > 3', we have that W,2345 has rank at least two. Letting Xi = W12345j for 6 < j < 8, we have that X,, X,, and X, are distinct and permuted nontrivially by t. Since G,,/C is cyclic of order 6, each 3-element of G,,/N permutes X,, X,, and X, nontrivially. Let 7 E Irr( W,2345/Xh) be faithful. Then q is not invariant under any Sylow-3-subgroup of G,z. Let r E Irr( WI v). Then r is linear and N < ker(r). We let p = r . (y$) and let PO be the restriction of p to W,?. In particular, p and p,) are linear. Since 31;l.Z / WINI, we have that 31;0@,). If I?,) is the restriction of Y" to w,,.?,,, then p extends ~1'. Since y* is invariant in G. it follows that neither (vy,,) nor PO is invariant under a Sylow-3-subgroup of G,:!/N. We have shown what we stated at the beginning of this paragraph.
Let o.i E Vi be nonprincipal characters for j = 1, 2 and let PO = (CL,. az. 1, 1, 1, 1, 1, 1) E V = Irr(N/Z). Since W,, centralizes V, and V?, since PO is linear with @3,,) = 3, and since 3111 W,,/Nl, there is a unique extension p E Irr( W,21p,) such that 0(/3) = 3. Since p,V = (a,. a,, l,..,, 1) and W/Wi acts fixed-point-freely on Vi for each i by Step 5, it follows that ~dP> = w,,. Thus ,!I" E Irr(W) and p" restricted to W,, is /3, + . . . + p, , where /3, , ..., /3, E Irr( W, , ) are the distinct conjugates of /3. Since p"p E Irr( WI,?*) and Wh G, the hypotheses of the theorem imply that p"p is left invariant by some s E G/N of order 3. Since 3tl W/Nl, s must fix some irreducible constituent of (p"p),, by Theorem 13.27 of ) 13 1. Since each irreducible constituent of (/?"P),~ has the form l* (a,, uz, l,..., 1) for nonprincipal ui (i= 1, 2), we have that s E G,,. Since IV,,4 G,,, s must fix an irreducible constituent of (/3"'p) restricted to IV,, . by Theorem 13.27 of 1 13 I. It is easy to see that p""p restricted to W,2 is j3,p0 + ... + /3,pu (e.g., see Exercise 5.3 of [ 131) . Then s fixes pip, for some j. Since Pi and p,, are linear. o(j',) = 3 and 3ijo@,), s must fix both pi and pn. This contradicts the last paragraph and completes this step.
Step 11. We may assume that 7,/l C/S 1. Assume that 7 11 C/SI. By Step 7, n > 7 and PO > 8. Steps 7 and 9 yield that C,,,v(P,/N) = S/N and PO 4 / G/S 1. Then fl, (P,/N) is a faithful and completely reducible G/S-module. A Sylow-7-subgroup H/S of G/S is nonabelian by Step 8(b) . Thus we may choose a chief factor WIN of G/N such that W < P, and H/bI,,( WIN) IS nonabelian. Thus rank( W/N) > 7 and
Step 10 implies that /2* is fully ramified with respect to P,,/N. Since S/S n N; is cyclic for each i and n Nj = N, rank(P,/N) < 8. By Lemma 4.2, rank(H,/S) 6 4, where H, = H f' C. In particular, rank(fi,(H,/S)) < 4. By Step 8 (b) , L/C is a 2-group acting faithfully on R,(H,/S).
But L/C is the unique minimal normal subgroup of G/C. Hence we may find a chief factor H,/S of G/S such that Hz/S ,< fl, (H,/S) and that G/C acts faithfully on HJS. Since K/C is a Frobenius group of order 56, Lemma 2.1 yields that rank(H,/S) > 7, a contradiction. This completes Step 11.
Step 12. Let T/NE Syl,(C/N). Then For each i, we have that TN,/N, is the cyclic Sylow-7-subgroup of C/h', and is contained in S,IN,. We let Di/Ni = ri c,,,.,(TN,/Ni) and set D = D,n . ..nD.. Hence LlI',. (Y,) has order 16, class 2, and a center of order 2, which is impossible (see. e.g.. Theorem 4.1). Hence K :& I, ( Y,) . Thus 7/j or 2lj. Since C < ZG (Y,) . since j = 1 G : Z, (Y,) l and since G/C has no subgroup of index 2, 4, or 6: we have that j > 7. Hence rank(W/N) > 7 and Step 10 gives the desired conclusion of this step.
Step 13. Conclusion. Let T,/N E Syl,(G/N), so that 1 T, : Tl = 7. By
Step 6 (b) . no p E Irr(TI 2) is invariant in T,. If /iy: is fully ramified with respect to T/N, then (A*)' has a unique irreducible constituent 4. Since Z,(n*) = G. we must have ZG(4) = G, a contradiction. By Step 12, T/N is cyclic. Hence K/N = (G/N)' < !c c.,,(T/N) and T,/N is abelian. If A*' extends to y E Irr(T,), then yI E Irr(T 11) is invariant in T,. a contradiction. Thus T,/N is not cyclic and T,/N = T/N x TO/N with / T,,/NI = 7 and TO 4 C. We may assume that TO permutes the Vi with orbits { V, } and { V? ,..., V,}. Since 1 TO/N1 = 7, we may choose 1 #pi E V, for 2 < i < 8 such that TO permutes the pi and T, < Z&f), where p = (1, pz . . . . . p,) . Let Z = Z&3) = Z,; (.d "b) . so that Z< G, = Z(;(V,). By Step 4, 31;lG : 11. Hence Z/Cn Z is nonabelian of order 21. Since T/N<h(L/N), we have that TAN, = ... = Tf\N,=N and thus T/N acts fixed-point-freely on each Vi by Step 7. Thus Z,(p) = 1 and 7kl(Cn Z)/NI. This contradicts Step 6(a). The proof of the theorem is complete. 1 5 . THE PRIME Two Theorem 5.1 proves Theorem A when the prime concerned is 2.
THEOREM.
Suppose that Z is a normal (not necessaril~~ central) subgroup of G, that G/Z is solvable, and that 2 E b-r(Z). Zf 2% (x( l)/A( 1))for all x E Irr(G/A), then G/Z has an abelian Sylow-2-subgroup. Our techniques can extend Corollary 5.2 to a set 71 of primes and to Halln-subgroups. If the hypothesis "pk (x( l)/l( I)) for all x E Irr(G 12)" is replaced by "k( I)/@( 1)) 1s a n'-number for all x E Irr(G / A)." then we may conclude that the Hall-n-subgroups of G/Z are abelian. We omit the proof. which is very similar to that of Theorem 4.4. 
